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Abstract Consider the generalized iterated wreath product Sr1 ≀ . . . ≀ Srk
of symmetric groups. We give a complete description of the traversal for the
generalized iterated wreath product. We also prove an existence of a bijection
between the equivalence classes of ordinary irreducible representations of the
generalized iterated wreath product and orbits of labels on certain rooted
trees. We find a recursion for the number of these labels and the degrees
of irreducible representations of the generalized iterated wreath product. Fi-
nally, we give rough upper bound estimates for fast Fourier transforms.
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1 Introduction
The representation theory of the symmetric group is remarkably prevalent in
combinatorics; one can explicitly parametrize the irreducible representations
of the symmetric group using Young diagrams, leading us to the study of the
interaction of these diagrams, an examination of the decomposition of tensor
Mee Seong Im
Department of Mathematical Sciences, United States Military Academy, West Point, NY
10996 USA
e-mail: meeseongim@gmail.com
Angela Wu
Department of Mathematics, University of Chicago, Chicago, IL 60637 USA
e-mail: wu@math.uchicago.edu
1
2 Mee Seong Im and Angela Wu
products of Young diagrams, and an investigation of the dimension of the
irreducible representation associated to a Young diagram. Wreath products
of symmetric groups arise as the automorphism group of regular rooted trees
(see Theorem 2.1.6 or Theorem 2.1.15 in [12]), with applications ranging from
functions on rooted trees (see Section 2.5), pixel blurring (cf. [1], [6], [16],
[17], [19], [20]), symmetries of nonrigid molecules in molecular spectroscopy
(cf. [2], [3], [30], [34]), and visual information processing (cf. [4], [28]) to
choosing subcommittees from sets of committees and voting (cf. [7], [14],
[27]). With motivation from [21] and [32], we consider generalized iterated
wreath product W (r|k) := Sr1 ≀ . . . ≀ Srk of symmetric groups, where Sri is
the symmetric group on ri letters, and study its representation theory.
Throughout this manuscript, let G be a finite group, and let V be a vector
space over the complex numbers C. Let GL(V ) be the general linear group on
V , and let ρ : G→ GL(V ) be a representation of G, i.e., ρ is a group homo-
morphism. We say two representations ρ : G→ GL(V ) and η : G→ GL(W )
are equivalent, and write ρ ∼ η, if there exists a vector space isomorphism
f : V → W such that f ◦ ρ(g) = η(g) ◦ f for all g ∈ G. We denote by Ĝ
the set of irreducible representations of G. We say that R is a traversal for
G if R := RG ⊂ Ĝ contains exactly one irreducible representation for each
isomorphism class in Ĝ. Thus a traversal consists of a complete list of pair-
wise inequivalent irreducible representations of G. As a basic consequence
of representation theory, the equality
∑
ρ∈R dim(ρ)
2 = |G| holds, where the
sum is over all irreducible representations in R.
Let [n] := {1, 2, . . . , n}, the set of integers from 1 to n, and let
[n]ℓ := {x1x2 · · ·xℓ : xi ∈ [n]},
the set of length ℓ words with letters in [n].
Now given a subgroup H ≤ G, we write IndGH : Rep(H) → Rep(G) to
be the induction functor from the category of representations of H to the
category of representations of G. That is, given a representation η ∈ Ĥ of
subgroupH ⊆ G, where η : H → GL(V ), we write IndGH η = C[G]⊗C[H]V , the
induced representation of G from η with dimension [G : H ] ·dim η. There also
exists the dual construction to induction called restriction. Given a subgroup
H ofG, ResGH : Rep(G)→ Rep(H) is the restriction functor from the category
of representations of G to the category of representations of H , i.e., given a
representation ρ of G, we obtain the restricted representation ResGH ρ of H
by restricting ρ to H . The induction and restriction functors are related by
Frobenius reciprocity. We refer the reader to [8] for a detailed and elegant
discussion on the duality of the induction and restriction functors.
We say that α = (α1, . . . , αh) is a partition of a natural number n > 0,
and write α ⊢ n, if every αi satisfies the following:
1. for each i, αi ∈ N = {1, 2, 3, . . .},
2. α1 ≥ α2 ≥ . . . ≥ αh, and
3.
∑h
i=1 αi = n.
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If α ⊢ n, then we will denote the length of α by |α| = h. We will write
α |=h n to denote that α = (α1, . . . , αh) ∈ (Z≥0)
h is a weak composition of
the natural number n with h parts so that each αi ≥ 0 is an integer and∑h
i=1 αi = n.
For α |=h n, we define
Sα := Sα1 × Sα2 × · · · × Sαh ≤ Sn,
the permutation subgroup acting on the set [n] by the full action on h disjoint
orbits of size αj . We also define S0 = {1}.
For a group G, we will now discuss inner and outer tensor products as-
sociated to describing the irreducible representations of G ≀ Sn. If ρ and η
are representations of G, then their inner tensor product ρ ⊗ η is again a
representation of G defined by (ρ ⊗ η)(g) = ρ(g) ⊗ η(g), where g ∈ G. If
ρ is a representation of G and η is a representation of a group H , then
their outer tensor product ρ ⊠ η is a representation of G × H defined by
(ρ⊠ η)(g, h) = ρ(g)⊗ η(h), where g ∈ G and h ∈ H .
The irreducible representations of the base group Gn = G × · · · × G
are n-fold outer tensor products of irreducible representations of G. If
R = {ρ1, . . . , ρh} is a traversal for G and α |=h n, then ρ
⊠α1
1 ⊠ · · ·⊠ ρ
⊠αh
h is
an irreducible representation of Gn, which can be extended to an irreducible
representation (ρ⊠α11 ⊠ · · ·⊠ ρ
⊠αh
h )
′ of the inertia group G ≀ Sα. On the other
hand, if σ ∈ RSα , then composing σ with the projection of G ≀ Sα onto Sα
gives an irreducible representation σ′ of G ≀Sα. Now, the inner tensor product
of (ρ⊠α11 ⊠ · · ·⊠ ρ
⊠αh
h )
′ and σ′ is an irreducible representation of G ≀ Sα, and
the induced representation IndG≀SnG≀Sα((ρ
⊠α1
1 ⊠ · · ·⊠ρ
⊠αh
h )
′⊗σ′) is an irreducible
representation of G ≀ Sn. With these remarks, we give an explicit description
of the traversal of W (r|k):
Theorem 1. For N > 0, let RG = {ρ1, . . . , ρh} be a traversal for a group
G ≤ SN . Let α |=h n. Then the irreducible representations given by{
IndG≀SnG≀Sα((ρ
⊠α1
1 ⊠ · · ·⊠ ρ
⊠αh
h )
′ ⊗ σ′) : α |=h n, σ ∈ RSα
}
(1)
form a traversal for G ≀ Sn. In particular, if RW (r|k−1) = {ρ1, . . . , ρh} is a
traversal for the wreath product W (r|k−1), then a traversal for W (r|k) is
RW (r|k) =
{
Ind
W (r|k)
W (r|k−1)≀Sα
((ρ⊠α11 ⊠ · · ·⊠ ρ
⊠αh
h )
′ ⊗ σ′) : α |=h rk, σ ∈ RSα
}
,
(2)
where Sα is a subgroup of Srk .
Note that we write ρα := ρ⊠α11 ⊠ · · ·⊠ρ
⊠αh
h , where ρ1, . . . , ρh are traversals
of a group G, and we define ρ0 := 1.
We also find a recursion for the number of equivalence classes of ordinary
irreducible representations of the generalized iterated wreath products in
Corollary 2, and their dimensions are given in Proposition 1.
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A rooted tree is a connected simple graph with no cycles, and with a
distinguished vertex, which is called the root. We refer to Section 2.4 for
a further discussion on rooted trees. We recall the following theorem:
Theorem 2 (Theorem 2.1.15, [12]). Let T (r|k) be a complete r-tree of
height k. We have
Aut(T (r|k)) ∼=W (r|k).
We find a bijection between equivalence classes of ordinary irreducible
representations of the generalized iterated wreath product W (r|k) and the
orbits of families of labels on certain complete trees, thus connecting to the
geometric construction in Theorem 2:
Theorem 3. There is a bijection between equivalence classes Ŵ (r|k) of ordi-
nary irreducible representations of the iterated wreath product of symmetric
groups and W (r|k)-orbits of rooted trees T (r|k).
1.1 Summary of the sections
We begin Section 2 with some background. We give a summary of the repre-
sentation theory of symmetric groups in Section 2.1, give the construction of
iterated wreath products in Section 2.2, and discuss Clifford theory in Sec-
tion 2.3. We give the construction of rooted trees in Section 2.4, and Bratteli
diagrams in Section 2.5. We conclude the background section by reviewing
adapted bases and fast Fourier transforms in Section 2.6. We prove Theo-
rem 1 in Section 3, and we prove Theorem 3 in Section 4. We also give the
dimension of an irreducible representation of the iterated wreath product in
Proposition 1. In Section 5, we give coarse upper bound estimates for fast
Fourier transforms for G ≀ Sn (and thus for the generalized iterated wreath
productW (r|k) in Corollary 3), and in Section 6, we discuss some open prob-
lems.
1.2 Acknowledgment
The authors acknowledge Mathematics Research Communities for providing
an exceptional working environment at Snowbird, Utah. They would like to
thank Michael Orrison for helpful discussions, and the referees for immensely
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2 Background
We will begin by giving some necessary background.
2.1 Representations of the symmetric group
We refer to [11], [15], [22], [24], and [25] for an extensive background on
representations of symmetric groups. In this section, we will give a brief
summary of the representation theory of symmetric groups.
The symmetric group Sn has order n! whose conjugacy classes are la-
beled by partitions of n. Thus, the number of inequivalent irreducible rep-
resentations over C is equal to the number of partitions of n. One may also
parametrize irreducible representations by the same set that parametrizes
conjugacy classes for Sn, which is by partitions of n, or, equivalently, the
more commonly used of so-called Young diagrams of size n (see Example 6).
2.2 Wreath products
We refer to Chapter 2 in [12] for a beautiful exposition on the construc-
tion of the wreath product G ≀ H of a finite group G with a subgroup
H ≤ Sn, which is summarized as follows. Define an action of H on G
n =
G × · · · × G by if π ∈ H and a = (a1, a2, . . . , an) ∈ G
n, then π · a :=
aπ = (aπ−1(1), aπ−1(2), . . . , aπ−1(n)). The wreath product G ≀H is defined to
be Gn ×H as a set, with multiplication given by
(a;π)(b;σ) = (abπ;πσ). (3)
Throughout this paper, we will fix r = (r1, r2, r3, . . .) ∈ N
ω, a positive
integral vector. We denote by r|k := (r1, r2, . . . , rk), the length k vector found
by truncating r.
Let H be a finite group. Let HX := {f : X → H}, a set of all maps from X
to H , which is a group under pointwise multiplication: (f ◦f ′)(x) = f(x)f ′(x)
for all x ∈ X . Now for H acting on a set X and G acting on a set Y ,
(g, h)−1(x, y) = (h−1g−1, h−1)(x, y) = (h−1x, g(x)−1y)
for all (g, h) ∈ G ≀H and x ∈ X and y ∈ Y .
Definition 1. Let Sri be a symmetric group acting on a finite set of order ri
for every 1 ≤ i ≤ k. Assume Sri acts on a finite set Xi, where 1 ≤ i ≤ k − 1.
Set Vk+1 = {∅} and, for i = 1, 2, . . . , k, let
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Vi = Xi ×Xi+1 × · · · ×Xk−1 ×Xk.
The generalized iterated wreath product W (r|k) := Sr1 ≀ . . . ≀Srk of symmetric
groups consists of all k-tuples (g1, . . . , gk), where gk ∈ Srk , and gi : Vi+1 →
Sri , 1 ≤ i < k, with the multiplication law and action on V1 recursively
defined in the following way:
(gi, . . . , gk)(g
′
i, . . . , g
′
k) =(
gi · (gi+1, . . . , gk−1,gk)g
′
i, (gi+1, . . . , gk−1, gk)(g
′
i+1, . . . , g
′
k−1, g
′
k)
)
,
where (
(gi+1, gi+2, . . . , gk−1,gk)g
′
i
)
(xi+1, . . . , xk−1, xk) =
g′i
(
(gi+1, . . . , gk−1, gk)
−1(xi+1, . . . , xk−1, xk)
)
,
and by
(gi+1, gi+2, . . . ,gk−1, gk)(xi+1, . . . , xk−1, xk) =(
(gi+2, . . . , gk−1, gk)(xi+2, . . . , xk−1, xk),
gi+1(gi+2, . . . , gk−1, gk)(xi+2, . . . , xk−1, xk)xi+1
) (4)
for all xj ∈ Xj , gj ∈ S
Vj+1
rj , i ≤ j ≤ k and i = 1, 2, . . . , k.
Remark 1. The generalized k-th r-symmetric wreath product W (r|k) could
also be defined recursively by
W (r|0) = {1} and W (r|k) =W (r|k−1) ≀ Srk ,
where the multiplication for the wreath productW (r|k) is defined recursively
using (3).
Example 1. Note that W (r|1) = Sr1 , W (r|2) = Sr1 ≀ Sr2 , and W (r|k) =
Sr1 ≀ Sr2 ≀ . . . ≀ Srk .
Throughout this paper, we will be considering the chain of groups given
in Remark 1.
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2.3 Clifford theory
The following references [9], [23], [10], and [12] contain an extensive back-
ground on Clifford theory, which allow one to use recursion to construct the
irreducible representations of a group. In this manuscript, we will give a brief
overview of the main results of Clifford theory and the little-group method.
Let G be a finite group and let N ⊳G be a normal subgroup of G. For two
representations σ, ρ, we write σ ≺ ρ if σ is a subrepresentation of ρ. We say
that σ˜ ∈ Ĝ is an extension of σ ∈ N̂ if ResGN σ˜ = σ.
Definition 2. Fix θ ∈ N̂ and g ∈ G.
1. We define
Ĝ(θ) :=
{
ρ ∈ Ĝ : θ ≺ ResGN ρ
}
. (5)
2. The g-conjugate σg ∈ N̂ of σ is defined as σg(h) := σ(ghg−1) for any
h ∈ N .
3. The inertia group of σ in G is given by IG(σ) := {g ∈ G : σ
g ∼ σ}.
Now, the finite group G also acts on the set of inequivalent irreducible rep-
resentations of N . For any irreducible representation σ of N , let ∆(σ) denote
its orbit under this action, i.e., inequivalent conjugates of σ. Let StabG(σ) be
the isotropy subgroup of σ under the G-action.
Theorem 4 (Clifford theory). Let N be a normal subgroup of G.
1. ([8], Theorem 10) If σ be a representation of N , then
ResGN Ind
G
N σ = [Stab(σ) : N ] ·∆(σ).
2. ([8], Theorem 14) If ρ : G → GL(V ) is an irreducible representation of
G, then
ResGN ρ =
dρ
[G : Stab(σ)]dσ
·∆(σ),
where σ is any irreducible representation of N appearing in ResGN ρ, and
dρ is the dimension of the vector space V .
We also call dρ the degree of the representation ρ. Next, the little-group
method provided below is motivated by Chapter 5 Section 1 in [35].
Theorem 5 (Little-group method). Suppose that any σ ∈ N̂ has an ex-
tension σ˜ to its inertia group IG(σ). Let Σ be a set of orbit representatives
of the irreducible representations of N under action of G, where g ∈ G acts
on σ ∈ N̂ by σg. Then a traversal of G is given by{
IndGIG(σ)(σ˜ ⊗ ψ¯) : σ ∈ Σ,ψ ∈ RIG(σ)/N
}
,
where ψ¯ is the representation on IG(σ) given by ψ¯(g) = ψ(proj(g)), where
proj : IG(σ)→ IG(σ)/N is a canonical projection map.
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Lemma 1. Suppose that {ρ1, . . . , ρh} is a traversal for G. Then {ρ(η) :
η ∈ [h]n} is a traversal for Gn, where ρ(η) := ρη1 ⊠ · · · ⊠ ρηn and [h] =
{1, 2, . . . , h}.
Definition 3. The permutation action of Sn on G
n by permuting the factors
of Gn induces an action of Sn on Ĝn by
(ρ(η))σ(g1, . . . , gn) = ρ(η)(gσ−1(1), . . . , gσ−1(n)).
It follows from Definition 3 that ρ(ησ) ∼ ρ(η).
Lemma 2. For any η, µ ∈ [h]n, ρ(η) ∼ ρ(µ) if and only if
|{j ∈ [n] : ηj = ℓ}| = |{j ∈ [n] : µj = ℓ}|
for any ℓ ∈ [h]. Thus the set {ρα : α |=h n} forms a complete set of represen-
tatives for the orbits of Ĝn under action by Sn.
2.4 Rooted trees of a fixed height
Let r = (r1, r2, r3, . . .) ∈ Z
N
≥0. In this section, we will give the construction of
r-rooted trees, generalizing the r-trees discussed in Section 3 of [32]. A rooted
tree is a connected simple graph with no cycles and with a distinguished
vertex, which we call a root. We say a node v, i.e., a vertex, is in the j-th
layer of a rooted tree if it is at distance j from the root. The branching factor
of a vertex is its number of children, and a leaf is a vertex with branching
factor zero.
Definition 4. We define the complete r-tree T (r|k) of height k, or r|k-tree,
recursively as follows. Let T (r1) be the tree consisting of a root node only.
Let T (r|k) consist of a root node with rk children, with each the vertex in
the first layer a copy of the k− 1-level tree T (r|k−1), which yields a tree with
k levels of nodes.
We will also denote the complete r-tree by r|k-tree.
Example 2. The tree T (r1) is given by • and T (r1, r2) with r2 leaves is given
by
•
③③
③③
③③
③③
③③
③
☞☞
☞☞
☞☞
☞
✺✺
✺✺
✺✺
✺
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
1
•
2
• . . .
r2−1
•
r2.
•
Example 3. Writing r|3 = (r1, r2, r3), r|3-tree of height 3 with 3 levels of
nodes is given by
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•
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥
☞☞
☞☞
☞☞
☞
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
1
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶
2
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶ · · ·
r3
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✷✷
✷✷
✷✷
✷
1
•
2
• · · ·
r2
•
1
•
2
• · · ·
r2
•
1
•
2
• · · ·
r2.
•
Example 4. The complete tree T (r|4) of height 4 with 4 levels of nodes is
given by
•
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣
❲❲❲❲❲
❲❲❲❲❲
❲❲❲❲❲
1
•
❥❥❥
❥❥❥
❥❥❥
❥❥
❂❂
❂ · · ·
r4
•
1
•
qqq
qqq
q
✁✁
✁ ❂❂
❂ . . .
r3
•
♣♣♣
♣♣♣
♣
✁✁
✁ ❂❂
❂
1
• . . .
r3
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2.
•
Notice that T (r|k) has
k∏
i=2
ri leaves, with
k∏
i=k−j+1
ri nodes in the j-th layer.
The subtree Tv of T = T (r|k) is the tree rooted at v consisting of all the
children and descendants of v. We call Tv a maximal subtree of T if v is a
child of the root, or equivalently if v is in the first layer. Let deg(v) denote
the number of leaves of the subtree Tv.
Example 5. In Example 4, the subtree indicated by dotted edges in magenta
is a maximal subtree of T (r|4).
We define
Ŝ∗ :=
⊔
n∈N
⊔
α⊢n
Ŝα. (6)
Definition 5. An r|k-label is a function φ : VT (r|k) → Ŝ∗ on the vertices
VT (r|k) of the tree T (r|k) satisfying
φ(v) ∈
⊔
α⊢deg(v)
Ŝα.
We say that two labels φ and ψ on T (r|k) are equivalent, and write φ ∼ ψ,
if there exists σ ∈ Aut(T (r|k)) such that φ
σ = ψ, where φσ(v) := φ(vσ),
which is defined as the right action of σ ∈W (r|k) on v.
In other words, two compatible labels φ and ψ of T (r|k) are equivalent
if they are in the same orbit under the W (r|k)-action, or equivalently, if
φW (r|k) = ψW (r|k).
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Definition 6. An r|k-label φ : VT (r|k) → Ŝ∗ is valid if it satisfies all of the
following recursive conditions. We denote by
T (r|k) := {φ : φ is a valid r|k-label} and T =
⊔
k
T (r|k).
1. Given an r|1-label φ : VT (r|1) = {root node} → Ŝ∗, where we require
φ ∈ Ŝr1 .
2. If k > 1, given an r|k-label φ : VT (r|k) → Ŝ∗, we require
a. for any child v of the root, the r|k−1-label φ|Tv is in T (rk−1), and
b. φ(root node) ∈ Ŝα, where Sα gives the stabilizer of the action by Srk
on r|k−1-sublabels of φ, so that α ⊢ rk is the partition of [rk] given
by the number of r|k−1-sublabels of φ in each nonempty equivalence
class,
where φ|Tv denotes the restriction of φ to the subtree Tv.
2.5 Bratteli diagrams
We refer to Section 4.1 in [32] or to [31] for a detailed discussion on Bratteli
diagrams.
A Bratteli diagram B is a weighted graph, which may be described by a
set of vertices from a disjoint collection of sets Bk, k ≥ 0, and edges that
connect vertices in Bk to vertices in Bk+1. Assume that the set B0 contains
a unique vertex, and that the edges are labeled by positive integer weights.
In the case the multiplicity is 1, we omit the labels. The set Bk is the set of
vertices at level k. If a vertex vk ∈ Bk is connected to a vertex vk+1 ∈ Bk+1,
then we write vk ≤ vk+1.
Given a tower of subgroups 〈1〉 = G0 ≤ G1 ≤ . . . ≤ Gn, the corresponding
Bratteli diagram has vertices of set Bi labeling the irreducible representations
of Gi. If ρ and η are irreducible representations of Gi and Gi−1, respectively,
then the corresponding vertices are connected by an edge weighted by the
multiplicity of η in ρ when restricted to the group Gi−1.
Example 6. The Young lattice is an example of a Bratteli diagram, where
the vertices represent Young diagrams, or partitions, and the edge joining a
partition of k to a partition of k + 1 has weight 1. For the symmetric group
S4 for the sequence S1 < S2 < S3 < S4 of subgroups, where Si permutes
only the symbols 1, . . . , i, the Bratteli diagram has the form:
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S1 S2 S3 S4.
❄❄
❄❄
❄❄
❄❄
❄❄
⑥⑥⑥⑥⑥⑥⑥⑥⑥
          
❁❁
❁❁
❁❁
❁❁
❁❁✂✂✂✂✂✂✂✂✂✂
✿✿
✿✿
✿✿
✿✿
✿✿
✿
✁✁✁✁✁✁✁✁✁✁
❀❀
❀❀
❀❀
❀❀
❀❀
❀☎☎☎☎☎☎☎☎☎☎☎
✾✾
✾✾
✾✾
✾✾
✾✾
✾✾
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽
☎☎☎☎☎☎☎☎☎☎☎☎
The distinct edges in the Bratteli diagram viewed as directed from level i−1
to level i may be viewed as mutually orthogonal Si−1-equivariant morphisms
C[Si−1] → C[Si]; the paths from the root to a leaf give a natural indexing
of Gelfand-Tsetlin bases for the towers of subgroups (cf. [18], [36]). These
bases correspond to those matrix representations which are block diagonal
with irreducible blocks at each step (with equivalent irreducibles being equal)
when restricted through the tower of subgroups.
2.6 Adapted bases and fast Fourier transforms
Classical discrete Fourier transform (DFT) and fast Fourier transform (FFT)
based approaches come from the use of commutative groups. We expand the
12 Mee Seong Im and Angela Wu
original work by Holmes (cf. [20]) and Karpovsky-Trachtenberg (cf. [26]) who
merged DFT and FFT for signal processing to noncommutative groups.
Let R be a set of traversals of Ĝ. We recall some foundational background
from [33].
Definition 7. Let G be a finite group, and let L(G) be the |G|-dimensional
complex vector space of functions defined on G. If ρ is a matrix representation
of G, then the Fourier transform f̂(ρ) of f at ρ is the matrix sum
f̂(ρ) =
∑
g∈G
f(g)ρ(g).
Definition 8. The discrete Fourier transform DFTR(f) with respect to a
traversal R ⊆ Ĝ is the collection of individual Fourier transforms
DFTR(f) =
{
f̂(ρ) : ρ ∈ R
}
.
The following notion of adapted bases is fundamental in the FFT algorithm.
Definition 9. LetH be a subgroup of a groupG and let S = {η1, . . . , ηl} and
R = {ρ1, . . . , ρh} be sets of matrix representations for H and G, respectively.
Then the pair (G,R) is (H,S)-adapted if for all 1 ≤ i ≤ h and y ∈ H ,
ρi(y) = ηi1(y)⊕ . . .⊕ ηim(y)
for some ηij ∈ S.
Let T (G,R) be the computational time to compute discrete Fourier trans-
form for an arbitrary function f with respect to a traversal R. Let T (G) be
the minimum of T (G,R) over all R. We now cite a theorem:
Theorem 6 (Theorem 3.1, [5]). The Fourier transform for the symmetric
group Sn may be evaluated in no more than
(
5
12
n3 +
1
2
n2 −
11
12
n
)
n! arith-
metic operations.
3 Irreducible representations of iterated wreath
products
In this section, we will prove Theorem 1.
Proof. Let {ρ1, . . . , ρh} be a traversal for G. For i ∈ [h]
n, denote
ρ(i) := ρi1 ⊠ ρi2 ⊠ · · ·⊠ ρin .
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Let ρ(i) ∈ RGn be fixed. Let σ ∈ Sn. The action of σ on ρ(i) is given by
(ρ(i))
σ
(g1, . . . , gn) = (ρi1 ⊠ · · ·⊠ ρin)(gσ−1(1), . . . , gσ−1(n))
by Definition 3. Since (ρ(i))
σ
∼ ρ(i) if and only if iℓ = iσ(ℓ) for every ℓ ∈ [n]
by Lemma 2, the inertia group of ρ(i) is
SA1(i) × · · · × SAh(i)
∼= Sα,
where
Aℓ(i) = {j ∈ [n] : ij = ℓ} ⊆ [n]
and αℓ = |Aℓ|.
So for ρα ∈ RGn and I = IG≀Sn(ρ
α), the irreducible representation ρα
has an extension to I by the little group method (an application of Clifford
theory) to the structure of irreducible representations of G ≀ Sn = G
n ⋊ Sn.
We thus find that a traversal for G ≀ Sn is precisely{
IndG≀SnG≀Sα((ρ
⊠α1
1 ⊠ · · ·⊠ ρ
⊠αh
h )
′ ⊗ σ′) : α |=h n, σ ∈ RSα
}
.
The second statement of the theorem follows as a special case of the main
statement.
Let N(G) be the number of non-isomorphic irreducible representations of
a finite group G. If we denote by P(n) the number of partitions of the integer
n (so that P(n) = |{α : α ⊢ n}|), where P(0) := 1, then N(Sn) = P(n).
Corollary 1 (Lemma 4.2.9, [22]). Suppose that N(G) = h. Then the num-
ber of non-isomorphic irreducible representations of G ≀ Sn is given by
N(G ≀ Sn) =
∑
α|=hn
∏
i∈[h]
P(αi). (7)
Proof. This follows from Theorem 1 and an application of Clifford theory.
Let N(r|k) denote the number of equivalence classes of ordinary irre-
ducible representations for the wreath product W (r|k) = W (r|k−1) ≀ Srk .
Define P (n, h) :=
∑
α|=hn
∏h
i=1 P(αi).
Corollary 2. It follows that for α ⊢ n,
N(G ≀ Sα) =
|α|∏
j=1
∑
β|=hαj
∏
i∈[h]
P(βi). (8)
For h := N(r|k−1), we find that h satisfies the following recursion:
N(r|k) = P (rk, N(r|k−1)) =
∑
α|=hrk
∏
i∈[h]
P(αi). (9)
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Proof. This follows from Corollary 1.
4 Branching diagram and r-label correspondence
We find a combinatorial structure describing the branching diagrams for it-
erated wreath products of symmetric groups by proving Theorem 3.
Proof. It suffices to define a map on a traversal of Ŵ (r|k), which is given in
(2). We will define a map F : RW (r|k) → T (r|k) recursively, and it suffices
to prove that each orbit of T (r|k) under action by W (r|k) has exactly one
pre-image under F .
Let k = 1. For any ρ ∈ Ŵ (r|k) = Ŝr1 , we define the r|1-label as
F (ρ) : VT (r|1) = {root} → Ŝr1 , where F (ρ)(root) := ρ.
This is clearly a bijection as desired.
Now let k > 1. By the inductive hypothesis, F : RW (r|k−1) → T (r|k−1)
has exactly one pre-image per orbit of T (r|k). Suppose that a traversal for
W (r|k−1) is given by the set {ρ1, . . . , ρh}. We need to define F on RW (r|k),
and show that orbits have exactly one pre-image as desired.
Pick an arbitrary element of ρα11 ⊗ · · · ⊗ ρ
αh
h ⊗ σ of RW (r|k). Denote its
image under F by
φ := F (ρα11 ⊗ · · · ⊗ ρ
αh
h ⊗ σ) : VT (r|k) → Srk .
Let U ⊂ VT (r|k) be the rk children of the root. Assign an ordering to U =
{u1, . . . , urk}. Then partition the set U as
U = U1 ⊔ . . . ⊔ Uh,
where each Ui satisfies |Ui| = αi while preserving the ordering. For each ui ∈
U , define the value of φ on all nodes in subtree Tui to satisfy φ|Tui := F (ρji),
where ji satisfies Uji ∋ ui and where φ|Tui denotes the restriction of φ to the
subtree Tui ⊆ T . It remains to define the value of φ on the root node. We let
φ(root) = σ.
Notice that φ|Tui ∈ T (r|k−1) by definition and induction. Since σ is in the
stabilizer of the Srk -action on ρ
α, which is exactly Sα, we see that φ is a
compatible label for T (r|k). Thus, F is well-defined, and each orbit of T (r|k)
has exactly one pre-image.
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4.1 Degrees of irreducible representations
Following the discussion in Section 4.1.1 in [32], we define for any r|k-tree T
the companion tree CT .
Definition 10. Fix T (r|k) and r|k-label φ. Let the companion label Cφ :
VT (r|k) → N be defined by:
Cφ(v) =


dim(φ(v)) if v is a leaf of the tree T (r|k),
|Sri/Sα| =
(
ri
α
)
otherwise, where v is in the (k − i)-th layer of
T and φ(v) ∈ Sα.
Similar to Proposition 4.3 in [32], we obtain the following:
Proposition 1. If ρ is an irreducible representation of W (r|k) associated to
r|k-label φ, then the dimension dρ of ρ is given by
dρ =
∏
v
Cφ(v), (10)
the product of the value of the companion label Cφ on all vertices.
5 Fast Fourier transforms, adapted bases and upper
bound estimates
We use the FFT estimates derived in [5] and [33] to state a coarse, overall
upper bound on the running time of FFT for the wreath product W (r|k).
Theorem 7 (Theorem 3, [33]). We have
T (G ≀ Sn) ≤ nT (G) · |G ≀ Sn−1|+ nT (G ≀ Sn−1) · |G|+ n
32|RG||G ≀ Sn|. (11)
The separation of variables approach has been one of the primarily com-
ponents that is responsible for the fastest known algorithms for almost all
classes of finite groups, including symmetric groups [29] and their wreath
products [13].
Corollary 3. Let T (r|k) be the computation time for the wreath product
W (r|k). Then
T (r|k) ≤ rk
k−1∏
i=1
(ri!)
(
(rk−1!)
(
T (r|k−1) + r
3
k2
|RW(r|k−1)|
)
+ T (W (r|k−1) ≀ Srk−1)
)
.
(12)
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Proof. This result is a consequence of Theorem 7.
6 Conclusion and open problems
As a sequel to [21], we have given an explicit description of a traversal for
the iterated wreath product W (r|k) and we have shown the existence of a
bijection between equivalence classes of ordinary irreducible representations
of the generalized iterated wreath products and W (r|k)-orbits of complete
rooted trees. We have also stated a recursion for the number of equivalence
classes of ordinary irreducible representations of the iterated wreath product,
and have given the dimension of an irreducible representation of W (r|k).
We conclude by giving several open problems. One problem is to find a
tighter fast Fourier transform (FFT) bound for chains of subgroups ofW (r|k)
than the upper bound stated in Theorem 7. Another problem is to study the
representation theory of, and find adapted bases and FFT operation bounds
for chains of subgroups for, iterated wreath products of more general class of
groups.
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